The paper presents the analysis of the orientation of 60 mosques built in the XV and XVI centuries in the Balkans' region of former Yugoslavia. The mosques have been selected according to their architectural value -mostly the dome mosques that were built by the most renowned builders. Based on the geographic coordinates, the qiblas of all mosques were calculated and the azimuths of their axes measured on orthophotographs. Statistical analysis has shown that the axes of these mosques vary in the horizon sector that is five times wider than the calculated sector of the correct qibla, with a systematic deviation of -10° 15' in relation to the correct qibla. Connections between deviations of the architectural design (dome mosques and other mosques), location and elevation have not been identified. However, a connection between deviations and the time of construction has been identified: deviations from the qibla are smaller in mosques built at a later date. The paper has laid the groundwork for future analysis of the causes of the aforementioned deviations: in the XV and XVI centuries there were no accurate geographic coordinates of locations and the builders were not able to calculate (take over, measure) the exact qibla direction, regardless of the method they applied.
While it was easy to direct the main axis of a church towards the east and even easier towards the rising sun, the direction of a mosque's main axis, the qibla, had to be calculated separately for every location. This enabled medieval Arab scientists to work smoothly and accelerated the development of mathematical geography, astronomy and cartography. Therefore, today, by analizing the relative accuracy of the orientation of old mosques, indirect information on the level of knowledge in a particular period of history can be obtained (Tadić, 1991a) . This type of research was especially popular in the last two decades of the twentieth century, but it did not include the central part of the Balkans that had been a part of the Ottoman Empire for five centuries; at that time, it was regarded as a "hopeless place for fieldwork" (King, 1995, p. 267 ).
In the second half of the twentieth century Yugoslavia (SFRY) occupied a significant part of the Balkan peninsula, where there were around two thousand 2 mosques (Čelić, 1984, p. 716) built over a period of six centuries. In this paper we focus on the orientation of the oldest mosques, constructed in the XV and XVI centuries (Table 1) .
Architectual characteristics of old mosques in the former Yugoslavia
The Ottoman conquest of the central Balkans progressed gradually in several stages. Following the Battles of Maritsa and Kosovo (1371, 1389) and the fall of the Serbian Empire, the Ottomans needed the entire XV century to conquer Bosnia (1463) and Herzegovina (1482), penetrate Croatia (1493), reach Belgrade (1521) and cross the Danube and Sava Rivers.With their advancing, at the same time and on the same territory, the Ottoman religious architecture spread with mosque being its principal structure. In the XV and XVI centuries this new architecture existed side by side with the Serbian medieval church architecture, which was "losing its monumentality and stylish character" (Deroko, 1953, p. 298) . Frequently, the Ottomans converted monumental churches into mosques, whose original purpose was restored following the liberation from the Ottoman rule. The best known examples are St. Sophia (Ohrid), Mother of God Ljeviška (Prizren) and the Virgin of Gradac (Čačak) (Andrejević, 1976) .
Monumental Serbian monasteries consisted mostly of the main church (catholicon) and smaller churches hidden far away from towns, whereas mosques were built in towns, with their towers clearly marking the newly conquered territories.
From the architectural point of view, in the former Yugoslavia the most significant are dome mosques in which all three architectural styles are represented: bursa (XIV and the beginning of the XV century), the new Constantinople style (after the fall of Constantinople -the second half of the XV to the first quarter of the XVI century) and the classical Ottoman style (XVI century -"the golden age of the Ottoman architecture"). The greatest number of mosques in the former Yugoslavia belongs to the classical style.
In all dome mosques four basic construction types can be distinguished: singlespaced with a porch covered with three small domes, single-spaced with a porch covered with two small domes, multi-spaced, and mosques with a dome on polygonal bases. "Among the above mentioned types of dome mosques there is not a single one that would have been unknown in the contemporary mosque architecture of the home country." (Andrejević, 1984, pp. 98-99) .
In its basic form, the dome mosque consists of a central cube space for prayers covered by a semicircular dome, with a porch covered with three or two small domes and a lean lanceolate tower with a polygonal base (minaret) located on the right side of the entrance from whose circular balcony (seref) a mosque's official, the muezzin, while facing Mecca makes the call (ezan) for one of the five daily prayers in Islam. All mosques built in the XV and XVI centuries in the region of the former Yugoslavia had one minaret each and, with a few exceptions, one balcony 3 each (Čelić, 1984, p. 716 ).
In the middle of the wall, opposite the entrance, is a special niche, mihrab, from which the principal mosque officer, the imam, leads the prayer. The main axis of a mosque, the imaginary line which extends from the entrance towards the mihrab, must be in direction of qibla. For the mosques in the former Yugoslavia, the qibla is, approximately, in the direction of the south-east (Tadić, 1991b) . This is the prescribed (theoretical) situation, but in reality there are frequent deviations in both the old and the new mosques in all parts of the Islamic world, from central Asia to Andalusia (Barmore, 1985; Bonine, 1990 Bonine, , 2008 : these deviations among old mosques in the former Yugoslavia are clearly visible on the satellite imagery and orthophotos.
Criteria for the selection of old mosques in the former Yugoslavia
For this orientation analysis, 60 mosques have been selected (Table 1 ) from 33 towns in the former Yugoslavia. They were built or at least designed (later reconstructed, demolished, renewed or rebuilt) in the XV century (13 mosques) and the XVI century (47 mosques). Today, they are located in five newly formed states: Macedonia (14), Serbia (15), Montenegro (1), Bosnia-Herzegovina (28), and Croatia (2); the largest number is from the following two cities: Sarajevo (10) and Skopje (5). Two clusters of mosques are clearly separated (Figure 1 ): mosques built in the region conquered by the Ottomans, mainly by the end of the XV century, which belong to the south-east (SE) group (east from the Meridian 20° E) and the remaining mosques that belong to the north-west (NW) group (see Table 1 ).
The starting point for the selection were the lists already compiled by art/architectural historians (Andrejević, 1984; Redžić, 1983; Tihić, 1979) and the list of immovable cultural heritage created by the appropriate governmental institutions for the protection of cultural monuments. Almost all of the selected mosques are officially valued as cultural monuments of exceptional or great importance; two mosques converted to churches and four partially or entirely demolished mosques are the exception. In Table 1 , the former are labeled with a circular arrow (), and the latter with a star (*), in front of their ID numbers.
The Ottomans destroyed and burnt many churches in retaliation, especially in the XVII century during the crisis of the Ottoman Empire. In retaliation, many mosques were destroyed during the wars of liberation of the Balkan nations. The mutual/three-sided settling of old accounts by demolishing temples continued during the Second World War, and then during the armed conflicts following the disintegration of Yugoslavia, when numerous mosques were completely destroyed or damaged. After the war, the mosques were reconstructed on the same foundations; in Table 1 they have been labeled with a vertical arrow (↑), in front of the ID number.
In the second column in Table 1 the names of the mosques have been entered. Unlike churches, the mosques carry the names of the donors (wakifs) from the ranks of rulers and nobility. Besides the official names, some mosques are known by their substitute/picturesque names (Kuršumlija -covered with lead, Aladža -multicoloured, Čaršijska -town, etc.).
Out of the 60 analyzed mosques, two-thirds are with dome, the most valuable from the architectural standpoint (the work of the best builders), while the remaining mosques are mostly with a hipped roof (see the last column in Table 1 ).
Location, elevation, geographic coordinates and the year of construction have been indicated for each mosque. When the years of construction are not known precisely, rounding has been used for statistical analysis, for example: first half of the XVI century = 1525, mid-sixteenth century = 1550, second half of the XVI century = 1575). There are no names of builders in Table 1 as they are unknown for most of the mosques, the same as for majority of medieval Serbian churches.
The qibla of old mosques in the former Yugoslavia
The qibla is expressed in degrees (q) and in the Islamic world is measured from the southern point of the horizon, in the positive direction. It is calculated on the basis of the geographic coordinates of the given location T (and Mecca      using the formula (Roegel, 2008, p. 6) ,
In accordance with the formula and on the basis of geographic coordinates of the mosques (GWS84) which are determined in geoportals and on Google Earth, the qiblas for all analyzed mosques have been calculated, and the values given in Table 1 (Qibla-calc). Today, it is easy to check if the main axes of the mosques are in the correct qibla by measuring the angles, without the need to go to the site itself.
The azimuths of old mosques in the former Yugoslavia
Out of the analyzed mosques in the former Yugoslavia, the azimuths of the axes of the Sarajevo mosques and the axes of the Ferhadija mosque in Banja Luka were measured on the appropriate survey sheets with the 1:500 and 1:1000 scale, whereas the azimuths of the axes of other mosques were measured using digital orthoimages which are now widely available on the geoportals of the successor states of the former Yugoslavia. Due to poor quality of the images, i.e. lack of sharpness of the object' edges, the azimuths could not be measured with the accuracy greater than ±1° on some of these geoportals, which is, nevertheless, sufficient for the intended analysis. The results of azimuth measurements (Qibla_real) are presented in Table 1 and shown on the map (Figure 1 ).
The map clearly shows that the mosque axes were not directed towards the same point, that is, that they were removed from the correct qibla to a varying extent ( Table 1 : Qibla_diff). These deviations will be the subject of the statistical analysis in the next section.
Statistical analysis of the orientation of the mosques

Research questions
The main objective of this section is to identify whether there are any patterns in the way the XV and XVI century mosques in the former Yugoslavia are oriented. More specifically, the data gathered for this paper were used to address the following four research questions: -What are the stylized facts about the orientations of the XV and XVI century mosques in the former Yugoslavia? -Does the orientation of the mosques point to the correct direction, i.e.
toward Mecca (correct qibla)? -Is there any impact on the orientation of the mosques in relation to their construction -if they were built with a dome, built in the XV or XVI century or located in north-west or south-east regions of the former Yugoslavia? -Is there any association between the elevation at which a mosque was built and the year when it was built on one side and the deviation of its qibla from the correct one on the other side? The calculations in this paper were performed with R package "circular" (Agostinelli & Lund, 2015) .
Data description and summary statistics
To address the first two research questions we have used summary statistics and the rose diagram as a graphical display of circular data. We have overlaid kernel density estimate based on von Mises distribution on the rose diagram. The rose diagram and the non-uniform shape of von Mises distribution show clearly that there were attempts to achieve religiously-correct alignment (i.e. orientation to Mecca). Although for some mosques the attempts to achieve the alignment were met successfully, the overall result is a systematic underestimation of the correct orientation to Mecca, which is illustrated with two non-overlapping von Mises distributions in Figure 2 (a).
On average, actual qiblas show systematic deviation from the correct direction of -100 15'. There are small differences between mean qibla directions among mosques built with or without a dome, those from north-west and south-east regions of the former Yugoslavia and mosques built in the XV or XVI centuries (see Table 1 ). For all mosques and for each of these three categorical variables mean direction values are smaller than the corresponding median direction values. This is an indication of left skewness in the distribution of actual qiblas.
Since the problem with outliers in circular data is less prominent than in linear data we have continued using mean values instead of median.
Mean resultant length is a measure of data concentration. Mean resultant length values over 0.98 in Table 3 show that overall and for three categorical variables actual qiblas are highly concentrated around particular direction, but not necessarily around the correct direction as we explained above. Figure 3 displays a histogram of deviations of the real from correct qiblas with the kernel density estimate. Left skewness of the distribution of deviations is prominent and only a few mosques (7 out of 60) have overestimated correct orientation to Mecca. Although both the kernel density and the normal curve approximate this distribution quite well, the systematic deviation of actual qiblas from correct ones is obvious as indicated by "Mean deviation" in Figure 3 .
Testing hypothesis about the orientation of the mosques
To test the hypothesis about uniformity, when all values around the circle, i.e. the orientation of the mosques, are equally likely against an alternative hypothesis of one-sidedness, or directedness, when all qiblas are pointing to Mecca, several statistical tests were developed. The results of four tests of uniformity are presented in Table 4 . Since the p-values for all four tests are well below 1% we conclude that the null hypothesis of circular uniformity should be rejected in favor of an alternative hypothesis that 60 mosques in the former Yugoslavia have qiblas oriented in a particular direction. This result is further confirmation of the distribution presented on the rose diagram in Figure 1(a) . To test the hypothesis about equality of mean directions, concentration parameters and angular distances between mosque qiblas belonging to one of the two categories of three categorical variables considered (Dome, Group and Century) three tests were used and results are presented in Table 5 . These results will be used to address the third research question.
All the test statistics and their p-values, with two exceptions, suggest that we have not been able to reject null hypothesis of equal mean directions of the orientation of the mosques for all three categorical variables (Dome, Group and Century) and equal concentration parameters and angular distances. The two exceptions mentioned above are results of the Mardia & Jupp test for equal concentration parameters and Wallraff's test of equal angular distances for the Century variable. We conclude that concentration parameters and angular distances in mosques from the XV and XVI centuries are statistically different at the 3% and 4% levels respectively. Therefore, only the century in which the mosque was built may have had impact on their orientation. The facts that a mosque was built with a dome or not and whether it is located in north-west or south-east regions of the former Yugoslavia have no impact on its orientation.
To address the last research question about the association between deviations of qiblas from correct orientation and elevation at what a mosque was built and the year when a mosque was built the circular-linear correlation coefficient was used. This coefficient with statistical test of its significance is presented in Table  6 . Both correlation coefficients indicate weak association between elevation and the year when a mosque was built and deviation of qiblas from the correct orientation. However, while correlation coefficient of 0.03 is not statistically significant indicated by large p-value (0.14), association between the year when the mosque was built and deviation of qiblas from the correct orientation is statistically significant at 2% level. This means that a qibla of a mosque that was built later would deviate less on average from the correct qibla.
Appendix: About circular statistics
Here we provide a brief overview of the main circular statistics and von Mises distribution. Complete texts on this subject were written by Gaile and Burt (2008) , Jammalamadaka and Sengupta (2001) and Mardia and Jupp (2000) . Pewsey, Neuhauser and Ruxton (2013) give an overview of the circular statistics and its application using R package.
The following simple example illustrates the need for circular statistics. Suppose we have two observations 50 and 3550. Standard mean value would be computed as (5+355)/2=1800. This result shows that applying a standard mean to cyclic measurement makes little sense because these two observations are actually clustered around 00. In situations such as this, a more appropriate circular mean would give 00. 
The mean resultant length can be used as a measure of distribution concentration. If all the vectors are concentrated in the same direction, as expected with mosque qiblas, then the mean resultant length is equal 1. On the other extreme, when the vectors are uniformly distributed around the unit circle, then the mean resultant length is equal 0, because there is no preferred direction.
Based on the mean resultant length the sample circular variance is defined:
Then the sample standard deviation is defined as:
, which reduces to  for small v.
The von Mises distribution takes the role in circular statistics that is held by the normal distribution in standard linear statistics. As illustrated in Figure 1(a) it is bell-shaped curve like normal distribution, but its tails are truncated.
Its probability density function is given by 
Johnson-Wehrly-Mardia circular-linear correlation coefficient
We use a random sample (x1, θ1), (xn, θn), of observations on (X, Θ), where X is a linear and Θ is a circular variables. First, the Pearson correlation coefficients should be calculated: rxc = r((x1, …, xn), (cos θ1, …, cos θn)), rxs = r((x1, …, xn), (sin θ1, …, sin θn)), rcs = r((cos θ1, …, cos θn), (sin θ1, …, sin θn)).
The Johnson-Wehrly-Mardia circular-linear correlation coefficient is then given by This correlation coefficient ranges between zero and one. The greater its value the stronger the association between linear and circular variables.
Conclusion
The qiblas of the 60 analyzed mosques vary in the interval from 309° 58' to 318° 47', with the mean value of 314° 22', whereas the axes of the same mosques vary in a fivefold wider interval from 277° 30 'to 323° 30', with the mean value of 304° 07'. On average, in relation to the correct qibla of the mosque axes they demonstrate a systematic deviation of -10° 15'.
The observed deviations do not mean that the mosque builders on the Balkans in the XV and XVI centuries did not know how to determine and mark the qibla accurately. This claim could be true had there been accurate geographic coordinates of Mecca and the locations of the mosques: there were none and so they were not able to mark the qibla accurately, no matter whether they copied the data from tables, used qibletnams or whether they determined the qibla themselves (regardless of the method known at the time, geometric or trigonometric). This is also true of builders in the entire Islamic world of that period.
Only when, without trying to view the past from contemporary perspective, we decipher the most accurate qibla that the builders in the XV and XVI centuries could have determined on the basis of the available input data and methods, and taking into account all other possible causes, objective and subjective, we can judge the accuracy of the orientation of the mosques, the builders' ability and the level of mathematical and geographical knowledge at the time. This paper has laid the groundwork for future analyses of this kind.
